4.2 Limit of a Vector Function
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Definition. A vector function f (1) is said to tend to a vector limit

‘_* $ 3
I 8s t-a, if corresponding to any positive number ¢ that we may

choose, no matter how small, there exists a positive number & such

that | f(r)— 7| < for | t—a | <b.
This is expressed by writing
I,

—p
lim f(1)=
t->a

- i .
We also say that 7 (1) tends to / as t tends to a; and express this

-~ >
by f (N~ | as t—a.
4.3 Fundamental Theorems on Limits

- .
If £(1), g (1) be vector functions and o(r) a scalar function of ¢
such that as 1—>ga

g - —> —>
f@®—->1, g(t)> m and o(f)->n,

then (i) f(1)+ 8 ()1 +m, as t>a,
- - - >
(i) f(t)— g(@)> 1 — m, as t-a,
- -
(iii) o(?) f(H)>n 1, as t—>a,
- - > —
(iv) f(t).g()>1.m, as t—>a,

-> . = -> -
(V) f(Hx g(t)>1 X m, as t-a.

Proof. Choose a positive number ¢, no matter how small.

—> — > —
We have lim f(f)= [ and Itlm g ()= m.
t—>a -G



By the definition of limit we can choose 8, and 8, 5o that
—) —
| S ()= 1| <4¢ for | 1—a | <8,

;;* _+
and |8 (D= m | <4c for | t—a| <8,

If we denote the smaller of 8, 8 by 8, then each of the above
(wo inequalities will hold for | ¢ —gq | <8,

that is, l?('\—TI <4¢ and |?(r)- ;l <4e for [ 1-a | <.
o -5 - - > >
(i) We have | f (1) g D=(l+m)| <|f ()= 1|

— -
+1lg(t)-—m|.
Hence, when | r—g | <8,

-> - - -
|/ ()+ g (=l +m)| <de4de=¢.
Hence, by the definition of limit,

—> -> > -
SO+ g (> 1 + m, as {->aq.

We leave the proofs of the remaining theorems as an exercise for
the reader.

4.4 Continuity of a Vector Function at a Point

—_
Definition. The vector functiop J (1), defined over the interval L is
. — —
said to be continuous at = geJ if 1im f(O)= f(a).
t>a

This definition can be put in the distance form, that is, modulus
form, as follows—

—_
A vector function f (#), defined over the interval 7, is said to pe
continuous at ¢ =ael, if given £>0 there exists a positive number

8(a, €) such that l?(t)-—j_?(a)] <eg for |1—-a| <s,

—_
A vector function, f (1) which is not continuous at r=g, s
called discontinuous at r=g,

4.5 Continuity of a Vector Function in an interval

—_
A vector function f (¢) defined over the interval 7 is said to be

—_—
continuous in the interval (a, bJ<I if f(¥) is continuous for aj)
values of ¢ such that a <7 <b.



4.6 Properties of Continuous Vector Functions

g —
Theorem. If /() and o (f) are continuous at f=a, then
Ny < -
() f()+ o (¢) is continuous at t=g;
oy B -
(11) £(t)= ¢ (¢) is continuous at t=a;

LY * . .
(iii) f (H)w(1) is continuous at t=a, where v(f), a scalar functiog
of ¢, is continuous at t=a,

. t) . :
(iv) '-f—(—) 1s continuous at t=a, where y(¢), a scalar functjon of

v(t)

f, is continuous at z=q and v(#) #0 for any value of 7 in the domajy
of definition;

- >

(V) f(2). o (¢) is continuous at t=a;
= -

(Vi) f(£)X o (2) is continuous at f=a.

- - .
Proof. As f () and ¢ (7) are continuous Rt f=a, therefore, by the
definition of continuity,

- > — —
]tiril f ()= f(a) and ltim ¢ ()= 9 (a).

(i) Let F(f)= £ (0+ o (2).
Then F(a)= f (a)+ @ ().

Now fim F()= lim [ )+ o (1))
—>a t—a

. - -
= lim f(#)+ lim o (),
{—>a t-o
by the theorem on limit,
- — -
=f @)+ ¢ (@)= F(a).
Hence, by the definition of continuity,
-> — —
F (1), that is, f (£)4 ¢ (1)
is continuous at f=a.

We leave the proofs of the other theorems as an exercise for the
reader.



4.7 Differentiability of a Vector Function at a point
(R. U. 1986)

Definition. A vector function f (1) defined in the interval 7 is said
to be differentiable at 1= gqe/ if

lim f(‘)‘f(a)

exists, in other words if

t>a
ngof (a—ﬂ%)—ig) exists.

The value of the limit is called the derivative (differential

—_>
co-efficient) of f (f) at t=a and it is denoted by

if 7
~r °r ().
Clearly this is a vector quantity.
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Note. Obviously, by definition E dd‘ =0 iif—;isaconstant vector.
(] ]

| I |
'4“? Theorem. If a vector function is differentiable finitely
at a point, then it must be continuous at that point.
Proof. Let the vector function f (1) be differentiable finitely at
t=a.

Then, by the definition of dlﬂ'crentxablhty of a vector functlon
ata pomt ;

lim f (a+h) f (@)_ f (a), which is finite.

h—>0

— —
Now lim f(f)= lim f (a+h)
t>o h—>0

= lim (£ @+~ T @+ 7 (@)



= lim f (‘a‘t ,;)—_-[A(a),h | 7(0)
1

A0

= lim ,f__(f’;*’_"l:_[(.‘.‘.). lim h+ 7(0)

h->0 h h->0

= [@9+ [ (@)= [ (@)
Hence f (¢) is continuous at 1 =a.

Note. The converse of this theorem is not necessarily true.

4.9 Geometrical interpretation of the Derivative

) - - . ..
Let us consider a point P on a curve r = f (f), with position

vector ?given by a parameter 7. Intuitively we see that a change in
the value of ¢ causes a change in the value of?. Let Q be the point
?—{-5?011 the curve when ¢ changes to ¢+t

Then O_}?= r = ?(t)

—> - -
and 0Q= r+ar

—_

= f (t+381).
> 5> > o
Sr=(r+ar)-r

—>

f (t+50)- £ ()= PO

or BT _Jw+sn—7
ot ot

—>
=PQ
ot

Now in the limit as 8¢ >0,

-—> - .
Q—P and PQ ->the tangent PT at P.

-

Hence %"- is a vector parallel to the tangent at P in the sense

of ¢ increasing.

-

‘ -
Note. (i) If s be the arc length then | § r | 85 and so %;- becomes the unit

R
tangent to the curve r = f (s).



-

~ dr - - - =
(ii) ~dr~ OF S'(r) is called the first derivative of r provided r = f(®

is a derivable function.
If the first derivative is also derivable then its derivative is called

-
the second derivative of r and is denoted by

d'*
r -
g °rf (.

Similarly the third derivative is .= or /(1) and 50 on.

-

In general the nth derivative is & r

i or ?'(t).

4.10 Physical interpretation of the first and the second
Derivatives.

i -
Let the vector equation of the curve be r = f(1).

. . . LRl #
Let us consider a point P on the curve, with position vector r

given by a parameter ¢.
Intuitively we see that a change in the value of ¢ causes a change

) - L= >
in the vaiue of r. Let Q be the point r +5 r on the curve when ¢
changes to t5¢.

__)
Then & r is the displacement of Y
the point P in time §f, when the

-
or

parameter ¢ denotes the time. T

e - Q
r+dr
\\e
2

is called the average rate of change

e
of r with ¢, that is, the average .
velocity during the interval, - 0 X

— -
dr ! Sr . >
And —= llm —— =velocity v.
dt 5t—>0 Of nyv

b

—
Thus %ti is the velocity v at P which is in the direction of the

tangent of the path of the point.

—_
Similarly, the acceleration a at Pis the rate of change of the



-—* . »
velocity » and is given by

o m &Y _dy d,~ dr\_d'r
a"éiﬂ‘%‘:‘“““ )= dt dt ) d

411 Differentiation of a Vector Function of g Scalar
Function

Let?(r) be a vector function of the scalar variable f and ¢ be 4
function of another scalar .

Let 3¢ be a small i mcrement I ¢ and § f and 8s be the corres.

ponding small increments in f and s respectively,
Then, when 80, 5 f -0 and 8§50,

5f _8f ot
Now & 8t ‘85

Taking the limits as 820 and consequently 550, we have

-

lim 3 _ jim 85 lim 8
5s>0 OF st>0 Ot 58->0 08
o df _df a




{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }


{ "type": "Document", "isBackSide": false }

